Abstract-This paper addresses the analysis of diversitymultiplexing tradeoff (DMT) for a cooperative system using network coding, called the cooperative network coding (CNC) system, which combines a decode-and-forward (DF) relay with the information mixing and broadcast techniques. The outage probability in the high signal-to-noise ratio (SNR) regime is also provided in the closed-form. Our scheme has two users' nodes and one relay node. All nodes are half duplex, i.e., they cannot transmit and receive data at the same time. The two users can communicate to each other directly as well as via the relay node indirectly. Our results show that network coding can help the relay nodes provide cooperative multiplexing gain as well as diversity gain. Compared with the pure DF protocol of which maximal diversity and multiplexing gain are 1 and 1/2, respectively, the maximal diversity and multiplexing gain of the CNC protocol are 2 and 2/3, respectively. The CNC protocol has even better DMT performance than an improved version of DF, selection decode-and-forward (SDF), of which maximal diversity and multiplexing gain are 2 and 1/2, respectively. The impact of wireless lossy channel on performance gains of the network coding is analyzed and can be quantitatively evaluated in the presented DMT curve, which gives us more insight than the capacity analysis does. This is because the capacity analysis only tells us about the maximal error-free transmission rate, while the DMT curve gives us the optimal tradeoff between the error rate and data rate.
based on the decode-and forward, such as dynamic decodeand-forward (DDF) [2] , enhanced static decode-and-forward (ESDF), and enhanced dynamic decode-and-forward (EDDF) [6] . Cooperative communications also help ad hoc networks extend coverage and improve capacity [7] . In a multiuser environment, users can share resource via the cooperative communications.
As we mentioned before, a cooperative communications system can be view as a virtual MIMO system. Thus, cooperative communications systems have the diversity-multiplexing tradeoff (DMT) [8] property as in MIMO systems. Besides the improvement of the diversity gain, how to provide multiplexing gain by taking advantage of relays has also received much attention. Combining the network coding with the cooperative communications, or called the cooperative network coding (CNC) or time division broadcast (TDBC) protocol [7] , has a potential to exploit the multiplexing gain from relay nodes. Moreover, CNC has the advantages of not needing any changes in the PHY layer, as well as high bandwidth efficiency [7] .
The previous works related to CNC are listed as follows. Using network coding concept to save bandwidth in general is reported in [9] . Two spectral efficient protocols for nonregenerative half-duplex relaying is proposed in [10] . In [11] , the authors analyzed the outage probability of adaptive network coded cooperation (ANCC) in wireless networks with infinitely many terminals. [12] investigated the diversity gain provided by network coding in wireless networks. [13] applied channel and network coding in the two-way relay channel and derived a lower bound for the channel capacity. [14] used joint network-channel coding (JNCC) in the multiple-access relay channel (MARC) and showed that JNCC for the MARC has better cooperative diversity than distributed channel coding in relay channels. [15] found that using network coding to mix packets increases network throughput. [16] analyzed the throughput of DF and AF bi-directional amplification of throughput (BAT)-relaying, considering the traffic asymmetry and erroneous channel. [17] offered the opportunistic network coding (ONC) approach with minimal average delay and zero packet-loss rate. [18] proposed a CNC scheme and showed that it has better symbol error rate (SER) performance than traditional schemes. [19] used the concept of analog network coding to double the capacity of the canonical two-way relay network. [7] derived achievable data rates and outer bound for three different bi-directional relay protocols: multiple access broadcast (MABC) protocol, time division broadcast (TDBC) protocol and hybrid broadcast (HBC) protocol. [20] derived the outage probability of an opportunistic CNC scheme with two relay nodes but the users cannot communicate with each other directly.
The outage probability and the DMT are two common measures of the performance of cooperative protocols. The DMT analysis of CNC has not been seen in the literature. Through the analysis of DMT, we can observe that if exploiting the "XOR in the air" approach onto cooperative protocols could improve the multiplexing gain or diversity gain or both compared with the traditional cooperative protocols. Moreover, the DMT can give more insights than the capacity results because the capacity is only a quantity while DMT is a tradeoff curve. The capacity is the upper bound of the errorfree transmission rate in the lossy channel, but the DMT gives us the tradeoff between transmission rate and the error rate in the erroneous channel. Thus, it motivates us to derive the outage probability and DMT of the CNC.
In this paper, we derive the outage probability in the high SNR regime and DMT of the CNC protocol. DMT is the limit of the slope of outage probability versus signal-to-noise ratio (SNR) curve in the dB domain as SNR approach infinity. The difficulty of DMT analysis is to express the limit as a function between diversity gain and multiplexing gain instead of a single value. The uniqueness of our method of finding DMT is to divide the limitation problem into several easier subproblems and conquer them individually. As you will see in Theorem 2, the proof is very succinct and easy to follow.
The rest of our paper is organized as follows. In Section II, we describe our system and equivalent signal models and introduce the CNC protocol. We give definitions of some important terminologies and analyze the outage probability and DMT of the CNC protocol in Section III. Numerical results are shown in Section IV. We give our conclusions in Section V. Figure 1 shows the system model for the CNC with one relay node. Terminals A and B transmit and receive users' data, and relay R forward data. Denote the channel gains between nodes X and Y as h XY , where X, Y ∈ {A, B, R}. In addition to additive white Gaussian noise (AWGN), the radio channel effect h XY experienced at each terminal is assumed to be independent and identically distributed (i.i.d.) complex normal random variables with zero mean and unit variance. Consider the half-duplex terminals which cannot transmit and receive data simultaneously. As shown in the figure, terminals A and B can directly communicate with each other.
II. MODELS AND CNC PROTOCOL

A. System Model
B. The CNC Protocol
In the figure the CNC protocols are illustrated for the case with one relay node. In phases (1) and (2) 
C. Equivalent Signal Models
To begin with, the signals received by B and R in the first phase are modeled as
and
respectively, where x a [n] is the transmitted signal which contains information a from A. Similarly, in the second phase, the received signals at A and R is represented as
respectively, where
is the transmitted signal which contains information b from B. In the third phase, the received signals at A and B are
respectively, where x c [n] is the signal which contains information c = a⊕b from R. We model z Xi [n] as zero-mean mutually independent, circularly symmetric, complex Gaussian random sequences with variance N 0 , where X ∈ {A, B, R} and i ∈ {1, 2, 3}.
III. OUTAGE PROBABILITY AND DMT ANALYSIS
A. Definition
In this subsection, we define SNR, multiplexing gain r, outage probability, and diversity gain d for the considered CNC system. The SNR is defined as
where k ∈ {a, b, c}. E{Z} is the expectation of a random variable Z. Denote R as the data rate on each channel, where R can be a function of SNR if the communication system applies the channel-driven rate adaptation (CDRA) scheme [21] , [22] . The multiplexing gain r is defined as
Note that the base of the log function is e in this paper. Let P out (SNR) be the system outage probability as a function of SNR, which is defined as the probability of the maximum average mutual information I between input and output being less than the data rate R, i.e.,
where P[E] denotes the probability of an event E. The diversity gain d is then defined as
B. Outage Probability Analysis
The analysis of the outage probability of the CNC protocol with one relay node at high SNR region is given by the following theorem:
Theorem 1: The outage probability of the CNC protocol with one relay node at high SNR region is characterized by
where
is the plica function, and K 1 (z) is the modified Bessel function of the second kind and the first order.
Proof: First, the maximum average mutual information of the CNC protocol with one relay node can be seen as the sum of that of two different decode-and-forward protocols [1] :
Because the CNC protocol has three phases, we have the factor 1/3 in the above equation. To ease the notation, let x = |h AR | 2 , y = |h BR | 2 , and z = |h AB | 2 . Then x, y, and z are i.i.d. exponential random variables with unit mean. The outage probability can be computed as
Then
When SNR is high, 1 + SNRy and 1 + SNRx can be approximated as SNRy and SNRx, respectively. Then
On the other hand,
(17) Similarly, we have
The calculation of p i and q i (i = 1, 2, 3, 4) can be achieved by the Integrate function in Mathematica. Combining (15) and (17)- (20) into (13), we get the desired result.
C. DMT Analysis
The following theorem gives the DMT for the CNC protocol with one relay node.
Theorem 2: The DMT achieved by the CNC protocol with one relay node is characterized by
for 0 ≤ r ≤ 
Hence, log s = (3r/2 − 1) log SNR.
When 0 ≤ r < 2/3, 3r/2 − 1 < 0. Thus, as SNR → ∞,
Let t 1 = 1/2, t 2 = Γ(0, s), t 3 = s 2 , and
log t i log s
The four values in the second equality of the above equation can be obtained by using the Limit function in Mathematica.
Combining (24) and (26), we have d CNC (r) = 2 − 3r for 0 ≤ r < 2/3. When r = 2/3, s = SNR 0 = 1 and
for r = 2/3. Figure 2 shows the outage probability for the CNC protocol when the multiplexing gain r is equal to 0, 1/6, 1/3, 1/2, and 2/3. When the multiplexing gain is equal to 0, the outage probability is 10 −5 and 10 −7 for SNR being 30 and 40 dB, respectively. This implies that the maximal diversity gain is equal to two. When the multiplexing gain increases, the slope of the outage probability curve decreases. It means that the diversity gain also decreases. When the multiplexing gain achieves its maximum of 2/3, the outage probability does not vary with SNR, thus the diversity gain is zero. The above observations all conform to the analytical result in Theorem 2. Figure 3 is the outage probability comparison of DF, selection decode-and-forward (SDF) [1] , and the CNC protocols when the multiplexing gain r is equal to 1/6. The outage probability approximation for DF and SDF in the high SNR region is according to Table I in [1] . From this figure, we find the DF protocol has the largest outage probability, and SDF and CNC protocols have almost the same outage probability. On the other hand, we observe that SDF and CNC protocols have larger diversity gain than DF protocol does. Figure 4 illustrates the DMT comparison of the 2 × 1 multiple-input single-output (MISO) system, the CNC protocol for one relay node, SDF, and DF. Note that the DMT of the 2 × 1 MISO system is the upper bound of the DMT of onerelay cooperative communications systems.
IV. NUMERICAL RESULTS
From Fig. 4 , we can see that the CNC protocol improves both diversity gain and multiplexing gain compared with the DF protocol. The maximal diversity and multiplexing gain that the CNC protocol can achieve are 2 and 2/3, respectively, while the maximal diversity and multiplexing gain of the DF protocol are 1 and 1/2, respectively. Furthermore, the CNC protocol also outperforms the SDF protocol, which is an enhanced version of DF and its maximal diversity gain and multiplexing gain are 2 and 1/2, respectively. Hence, we can conclude that using network coding at the relay node can improve not only diversity gain but also multiplexing gain.
V. CONCLUSIONS
In this paper, we investigate the DMT for the CNC protocol which integrates the concept of DF relay transmission of cooperative communications with the information mixing of network coding. The proposed CNC protocol is suitable for two users which can transmit information to each other. We give two theorems to show our outage probability and DMT analytical results, respectively. We also give a DMT comparison for our CNC protocol with 2 × 1 MISO system, SDF, and DF. We find that the CNC protocol improves both diversity and multiplexing gain compared with the DF protocol. 
